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Abstract. — The work presented here appears at the crossroads of math-
ematics and physics and rests primarily on the pioneering ideas of Vaughan
Jones and Edward Witten [Wit89] in establishing ground-breaking connec-
tions between gauge theory (specifically the topological Chern-Simons theory)
to Knot invariants and Invarients of 3-manifolds in general. The standard texts
in mathematics were referred to [Leel2], [Mun0Q] for providing basic defini-
tions and structure for Topology and Di Lerkntial Geometry. Online published
lecture notes [B09] on Gauge theory aimed at developing the mathematical
underpinnings of gauge theory using bundle theory were extensively referred
for the flow. Other references include the review article [CDM11] on modern
methods in Knot theory, lecture notes based on a talk [Liul4] on Introduction
to Chern-Simons theory, a thesis [P.R96] very closely related to the current
topic.
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CHAPTER 1

MATHEMATICAL STRUCTURE OF GAUGE
THEORY

1.1. Smooth Fibre Bundles

Definition 1.1.1. — Let E; B; F be manifolds, let : E B be a surjective
smooth map. pE;B; ;Fq is a smooth fibre bundle if each point x P B
has an open neighbourhood U B such that there exists a di Lledmorphism

u: tpug U F (called a local trivialisation) such that the following
diagram commutes:

pUq*>U

1ui

B is called the base space, E is called the étalé space and F is called the
characteristic fibre.  is the local trivialization over U. We also say
that E is a bundle over B. For b P B, we call  ®pbq the fibre above b.

Definition 1.1.2. — A smooth map s: U  E such that

2

commutes is called a local section of the bundle over U. The set of local
sections is written as gU. A local section is called a global section if
Uu B.

W«—m

u
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Definition 1.1.3. — A map of bundles is definedastwo maps f: E; E»
and fg: B; B, satisfying

E, 5, E,

By —— B2
s
A map of bundles over B is the same as above with fg idg. The
commuting of the square ensures that the fibre above b P B1 is mapped to the
fibre above fg phg P Bo.

Lemma 1.1.4. — Let ,: E; B, be a bundle and a map fg: By B,,
the pullback E; E» g, B2 can be given bundle structure.

Proof. — We construct the pullback bundle pEq;Bi; 1;F10 as Ex
tph;eqP By  Ex | fgphg 2pequ, 1 proj;: E1 B; and F; F,.
To construct a local trivialisation around b P B4, choose a local trivialisation
around fgphg. Let this be y,: ,'pUg U, Fp. Let Uy FglpUqa.
Then,

1 1pUig  projy tpusg
tpby;eoq P U1 Ez|fgpbig  2pesqu
tpby; bo; 2P U Usx  Fo|fepbig bou U Fo
Il

Lemma 1.1.5 (Local existence of lifts). — Let pE;B; ;Fq be a smooth
fibre bundle. For any smooth curve :1 B andaty P | we have a connected
open subset of | called Iy, Q to such that for any up P 1p ptogg we have a
smooth map ~t,.u: Iy,  E such that

— ~to;uo Ptod  Uo _
“to;Uo Ilto (Lift)

Proof. — Let : 1 B be a smooth path and to P I. Let U Q ty be an open
set over which the bundle is trivial with trivialisation y: puUg U F.
Then  1pUgis open in I by continuity. Let Iy, be the connected component
of  1pUgwhich contain ty. Obviously, Iy, is open, connected and contains to.
Letup P lpt ptoqug and let puoq p ptoq;Fog. Define ~yuo: Iy, E as
~to:uo PY 1p ptg; foq. Now, for t P I, we have

P~to:uo PEAQ Yp pta;foq  projyp ptg;Fog ptq

So, we have the lift condition. Almost by definition, ~¢,.u, ptoq  Up. It is also
obvious that ~,.,, IS smooth. O
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Definition 1.1.6. — Let pE;B; ;Fq be a smooth fibre bundle. For each
u P E, let Vy denote the subspace of T E consisting of vectors which are
tangent to the fibre at pug, i.e. Vy,  kerpd |ug. We call V, the vertical
subspace at u. An Ehressmann connection on : E B is distribution
u H, of vector subspaces H,  TyE, called horiontal subspaces, such
that:

—HyXVy O

— for each uP E we have T,E  Hy “ Vy and (complementarity).

— the assignment u  H,, depends smoothly on u P E, this means that in
the unique decomposition of any smooth vector field X on U  E open
as

X Xy Xy

such that Xy pug P Hy and Xy pug P Vy, we have that Xy is smooth (or
equivalently Xy, is smooth, or equivalently both) as a section of TE.

Lemma 1.1.7. — Given a smooth fibre bundle pE; B; ;Fq with an Ehress-
mann connection u  Hy, we have a canonical isomorphism y: Hy ~T (B

Proof. — We have V, kerpd |yqgand TUE Vy “ Hy. Since s surjective,
impd [ug T pqB. So, we have : TuE{Vy Hu ~T pqB from the first
isomorphism theorem (G{kerp g imp 0). O

Figure 1. A fibre bundle with an Ehressmann connection showing
the horizontal subspaces as small linearised neighbourhoods of points
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1.2. Principal G-Bundles

Definition 1.2.1. — Let us have a smooth fibre bundle pE;B; ;Fq, a Lie-
group G, a di[erkntiable right-group action of Gon E givenbya: E G E
(denoted as app;9q9 P 9  agppg). These together form a principal G-
bundle if:

— G preserves the fibres on E, i.e. for x P B let Fyx denote 1 pxg, the fibre
on X, ifyPFx, theny gPFx@gP G

— The action of G E is free and transitive on each fibre.

— @x P B and @y P Fx in their corresponding fibres, the map G Fx that
sends g vy g is a diledmorphism, i.e. each fibre of E B looks like
G.

— The above condition shows us that F G. We will require the exis-
tence of a local trivialisation of the bundle around every point p P B

U; u: 'pug U G suchthatforif ypug p pug;gq, then

upu hg p pug;ghg
That is, the action looks like right multiplication locally.

The first three conditions can be alternatively expressed as, the canonical
morphism pproji;;aq: E G E g E is an isomorphism.

E——B

Also, it is easy to see that E{G B. A G-bundle that satisfies the fourth
condition globally is called trivial.

Definition 1.2.2. — Let pE;B; ;Ggand pE';B; !;Gqbe G-principal bun-
dles. Amap f: E E! is a morphism of principal G-bundles if it is
compatible with the action of G, i.e.

@pPE;gPG rfpp gq fppg gs

This implies that f: E E! gives rise to a morphism of bases spaces as it
preserves the fibre structure (maps fibres to fibres). Let this induced map
fg: B BL If fis a diledmorphism E  E and a morphism of G-bundles,
then we call it an automorphism. Now, an automorphism of E that induces
idg on its base space is called a gauge transformation.
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Figure 2. lllustration of a principal G-bundle and a local section

Definition 1.2.3. — We call a Ehressmann connection on a principal G-
bundle a G-equivariant or a principal connection if

daglupHug Hug

Definition 1.2.4. — A connection form on a G-bundle is a g-valued 1-
form ! such that
— For any X P g, we have 1 X% X (equivalently if a,!  idg for
any pP E)
— Forany gP G, we have a;!  Adg 1 !

Given a connection form !, define a principal connection as u ker 1.
It is easy to check the properties.\WWe can write v P TUE asv = X X as
the tangent space is the sum of horizontal and vertical spaces and the vertical
space consists of fundamental fields evaluated at u. define I, pvg X where
X P g gives X*. This is again easy to check that this is a connection 1-form.

Lemma 1.2.5. — Letp : E B:F;aq;p !: E! B! F!; alqbe principal G-
bundles and let !: TE! g be a connection form and f: E E! be a
morphism of principal G-bundles. Then f I: TE g is also a connection
form.

Proof. — LetpP E

a,pf g . pf aq gppq ! . idg

Letg P G,
agpf Yqg pf agq ' pag fg ! F a !

Adg: ! df Ady: f I

g
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Hence f ': TE g is a connection form. O

Lemma 1.2.6. — Letp : E B;F;aq be a principle G-bundle with a con-

nection form !. For any smooth curve : I B,atg Pl and aug P
1p ptogy, we have a connected open subset of I called ly,:y, Q to and a
unique smooth map ., : I, E such that
t%;uo ptod  Uo
- {:);UO TS (119)
8.4 ! 0 (Horizontal)

Note: E);UO is unique only once we fix the choice of ly,.,,. By enlarging
and contracting the interval of definition, we will get di Lerknt horizontal lifts,
but by the above lemma, they will have to match won their common domain
of definition.

Proof. — Let :1 B be asmooth curve, letto Pl and ug P 1pt ptoqug.
Then by 1.1.5 we have an Iy, Q to which is an open, connected subset of I and
a smooth map ~ty.y,: Iy,  E such that ~¢,.,, ptod up and ~to:Uo [, -
Now, let ", be some other smooth lift of [, such that "y, ptod  Uo.
Then by the freeness, transitivity and smoothness of the action, we have a
unigue smooth (smmothness follows from the second property in the definition
of G-bundle) Qty:uo: lto G such that for all t P I, we have .y, ptq

~to;uo  Oto;uo PG @nd Gy €
So let us suppose there is a horizontal lift { . :1l,  E. Then, by the

above argument, there must exist a unique g": I, G such that {});UO ptg
~to;uo P4 OGP, ptq for all tP 1y, and gf ., e. For [} . to be horizontal, we

uo;to
must have
1, gh.ptg 0 sl dP .t O
to;qutq to;Uo to:qutq to;Uo
h h
e! dgy, 0 @& oy ' O
Now,

h h -
d to;Uolt da*to;uoptqlg{‘O;UOptq ngO;tolt dag{‘o;qutqlwo;uoptq d t0§UO|t

h
da {‘O;uoptq|e dLgPO;uoptq 1|9{‘o;uoptq dguo;to lt

dag{‘o;quthto;uoptq d~t0;uo |t
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where in the second line we used a-,_, ot  @n L

to;uoptq
'y daple idpjeggq anda,! Ady 1 T, we have

o agPte Since

1 h h
B ?O;uoptq d to;uolt dLg?D;uoptq 1|g?o;uoptq ngO;tolt
Ad

1 ~
O uoPtd © T TtouoPty d~toruolt

dL
0

h ~ 1
glgo;qutqlglgo;qutq dgto:uolt ngPO;qutqle P~to;uo =0t

Since Ly, is a di Ledmorphism, dLp, is invertible for any h P G. So we have
h
dgto;uolt ng?O;qutqle p~to;uO !qt

Choose any chart of G around e. That is, we have an open V G and a
difedmorphism :V  R" such that e P V. Then still assuming E);UO: It

G exists (and hence g{‘o;uO 1y,  G) exists, we define J¢,.v to be the connected
component of g{‘O;UO LoV q. i,y Obiously contains to, is open in Iy, (and hence
openin I, as Iy, is open in 1) and connected. Then, for t P J¢,.v

h
dgto;uolt ng,PO;quthe P~to;u0 !qt

h ~ . 1
aed |g?o;qutq dgto;uolt d |g?o;qutq dR 1 g?oilloptq le P~tosuo =0y

&dgfo;uolt d | dR |e P~to;uo !qt

b 0E:uoPt b 9EyuPt
@050 Pld F 108, Pt
where g¢ ..., 0.0 Jov R and
F:l, R" R"
pxq  d | 1 AR 1pgle Ptoue 10 P1g
is obviously smooth. The initial conditions become g .., ptog peq, The

solutions of the original equation are in bijection with the solutions of this last
coordinate expression.

Now, we run the argument in reverse. F is smooth, hence uniformly Lipshitz-
continuous in x and continuous in t. By the Picard-Lindel6f theorem there is
an open open subset of Iy, containing to on which

t,u Ptd  F T 0g., Pt Ot,ue  PEC

has a unique solution which is C1. This solution is actually smooth because we
can repeatedly di Lerkntiate the equation as F is smooth and use the di Lerkntial
equation inductively to dilerentiate gg .. Let this interval be lgyu, .






