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Abstract. — The work presented here appears at the crossroads of math-
ematics and physics and rests primarily on the pioneering ideas of Vaughan
Jones and Edward Witten [Wit89] in establishing ground-breaking connec-
tions between gauge theory (specifically the topological Chern-Simons theory)
to Knot invariants and Invarients of 3-manifolds in general. The standard texts
in mathematics were referred to [Lee12], [Mun00] for providing basic defini-
tions and structure for Topology and Differential Geometry. Online published
lecture notes [B0̈9] on Gauge theory aimed at developing the mathematical
underpinnings of gauge theory using bundle theory were extensively referred
for the flow. Other references include the review article [CDM11] on modern
methods in Knot theory, lecture notes based on a talk [Liu14] on Introduction
to Chern-Simons theory, a thesis [P.R96] very closely related to the current
topic.
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CHAPTER 1

MATHEMATICAL STRUCTURE OF GAUGE
THEORY

1.1. Smooth Fibre Bundles

Definition 1.1.1. — Let E;B; F be manifolds, let � : E � B be a surjective
smooth map. pE;B; �; F q is a smooth fibre bundle if each point x P B
has an open neighbourhood U � B such that there exists a diffeomorphism
 U : ��1 pUq

�
ÝÑ U �F (called a local trivialisation) such that the following

diagram commutes:

��1 pUq U � F

U

 U
�

�|��1pUq
proj1

B is called the base space, E is called the étalé space and F is called the
characteristic fibre.  U is the local trivialization over U . We also say
that E is a bundle over B. For b P B, we call ��1 pbq the fibre above b.

Definition 1.1.2. — A smooth map s : U Ñ E such that

E

U B

�s

�

commutes is called a local section of the bundle over U . The set of local
sections is written as �EU . A local section is called a global section if
U � B.
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Definition 1.1.3. — Amap of bundles is defined as two maps f : E1 Ñ E2

and fB : B1 Ñ B2 satisfying

E1 E2

B1 B2

fE

�1 �2

fB

A map of bundles over B is the same as above with fB � idB. The
commuting of the square ensures that the fibre above b P B1 is mapped to the
fibre above fB pbq P B2.

Lemma 1.1.4. — Let �2 : E2 Ñ B2 be a bundle and a map fB : B1 Ñ B2,
the pullback E1 � E2 �B1 B2 can be given bundle structure.

Proof. — We construct the pullback bundle pE1; B1; �1; F1q as E1 �

tpb; eq P B1 � E2 | fB pbq � �2 pequ, �1 � proj1 : E1 Ñ B1 and F1 � F2.
To construct a local trivialisation around b P B1, choose a local trivialisation
around fB pbq. Let this be  U2 : ��1

2 pU2q Ñ U2 � F2. Let U1 � f�1
B pU2q.

Then,

��1
1 pU1q � proj�1

1 pU1q

� tpb1; e2q P U1 � E2 | fB pb1q � �2 pe2qu

� tpb1; b2; f2q P U1 � U2 � F2 | fB pb1q � b2u � U1 � F2

Lemma 1.1.5 (Local existence of lifts). — Let pE;B; �; F q be a smooth
fibre bundle. For any smooth curve 
 : I Ñ B and a t0 P I we have a connected
open subset of I called It0 Q t0 such that for any u0 P �

�1 p
 pt0qq we have a
smooth map ~
t0;u0 : It0 Ñ E such that

– ~
t0;u0 pt0q � u0

– � � ~
t0;u0 � 
|It0 (Lift)

Proof. — Let 
 : I Ñ B be a smooth path and t0 P I. Let U Q t0 be an open
set over which the bundle is trivial with trivialisation  U : ��1 pUq Ñ U � F .
Then 
�1 pUq is open in I by continuity. Let It0 be the connected component
of 
�1 pUq which contain t0. Obviously, It0 is open, connected and contains t0.
Let u0 P �

�1 pt
 pt0quq and let  pu0q � p
 pt0q ; f0q. Define ~
t0;u0 : It0 Ñ E as
~
t0;u0 ptq �  �1 p
 ptq ; f0q. Now, for t P It0 we have

� p~
t0;u0 ptqq � �
�

 �1 p
 ptq ; f0q
�

� proj1 p
 ptq ; f0q � 
 ptq

So, we have the lift condition. Almost by definition, ~
t0;u0 pt0q � u0. It is also
obvious that ~
t0;u0 is smooth.



1.1. SMOOTH FIBRE BUNDLES 9

Definition 1.1.6. — Let pE;B; �; F q be a smooth fibre bundle. For each
u P E, let Vu denote the subspace of TuE consisting of vectors which are
tangent to the fibre at � puq, i.e. Vu � ker pd�|uq. We call Vu the vertical
subspace at u. An Ehressmann connection on � : E Ñ B is distribution
u ÞÑ Hu of vector subspaces Hu � TuE, called horiontal subspaces, such
that:

– Hu X Vu � 0
– for each u P E we have TuE � Hu ‘ Vu and (complementarity).
– the assignment u ÞÑ Hu depends smoothly on u P E, this means that in

the unique decomposition of any smooth vector field X on U � E open
as

X � XH �XV

such that XH puq P Hu and XV puq P Vu, we have that XH is smooth (or
equivalently XV is smooth, or equivalently both) as a section of TE.

Lemma 1.1.7. — Given a smooth fibre bundle pE;B; �; F q with an Ehress-
mann connection u ÞÑ Hu, we have a canonical isomorphism �u : Hu ~ÑT�puqB

Proof. — We have Vu � ker pd�|uq and TuE � Vu ‘Hu. Since � is surjective,
im pd�|uq � T�puqB. So, we have �u : TuE{Vu � Hu ~ÑT�puqB from the first
isomorphism theorem (G{ker p�q � im p�q).

Figure 1. A fibre bundle with an Ehressmann connection showing
the horizontal subspaces as small linearised neighbourhoods of points
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1.2. Principal G-Bundles

Definition 1.2.1. — Let us have a smooth fibre bundle pE;B; �; F q, a Lie-
group G, a differentiable right-group action of G on E given by a : E�GÑ E
(denoted as a pp; gq � p � g � ag ppq). These together form a principal G-
bundle if:

– G preserves the fibres on E, i.e. for x P B let Fx denote ��1 pxq, the fibre
on x, if y P Fx, then y � g P Fx@g P G

– The action of G ýE is free and transitive on each fibre.
– @x P B and @y P Fx in their corresponding fibres, the map GÑ Fx that

sends g ÞÑ y � g is a diffeomorphism, i.e. each fibre of E Ñ B looks like
G.

– The above condition shows us that F � G. We will require the exis-
tence of a local trivialisation of the bundle around every point p P B
�

U; U : ��1 pUq Ñ U �G
�

such that for if  U puq � p� puq ; gq, then

 U pu � hq � p� puq ; ghq

That is, the action looks like right multiplication locally.
The first three conditions can be alternatively expressed as, the canonical
morphism pproj1; aq : E �GÑ E �B E is an isomorphism.

E �G

E � E E

E B

D!
�

proj1

a

p1

p2 �

�

J

Also, it is easy to see that E{G � B. A G-bundle that satisfies the fourth
condition globally is called trivial.

Definition 1.2.2. — Let pE;B; �;Gq and pE1; B; �1; Gq be G-principal bun-
dles. A map f : E Ñ E1 is a morphism of principal G-bundles if it is
compatible with the action of G, i.e.

@p P E; g P G rf pp � gq � f ppq � gs

This implies that f : E Ñ E1 gives rise to a morphism of bases spaces as it
preserves the fibre structure (maps fibres to fibres). Let this induced map
fB : B Ñ B1. If f is a diffeomorphism E Ñ E and a morphism of G-bundles,
then we call it an automorphism. Now, an automorphism of E that induces
idB on its base space is called a gauge transformation.
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Figure 2. Illustration of a principal G-bundle and a local section

Definition 1.2.3. — We call a Ehressmann connection on a principal G-
bundle a G-equivariant or a principal connection if

dag|u pHuq � Hu�g

Definition 1.2.4. — A connection form on a G-bundle is a g-valued 1-
form ! such that

– For any X P g, we have !
�

X#
�

� X (equivalently if
�

a�p!
�

e
� idg for

any p P E)
– For any g P G, we have a�g! � Adg�1 � !

Given a connection form !, define a principal connection as u ÞÑ ker!u.
It is easy to check the properties.We can write v P TuE as v � Xh � X#

u as
the tangent space is the sum of horizontal and vertical spaces and the vertical
space consists of fundamental fields evaluated at u. define !u pvq � X where
X P g gives X#. This is again easy to check that this is a connection 1-form.

Lemma 1.2.5. — Let p� : E Ñ B;F; aq ; p�1 : E1 Ñ B1; F 1; a1q be principal G-
bundles and let ! : TE1 Ñ g be a connection form and f : E Ñ E1 be a
morphism of principal G-bundles. Then f�! : TE Ñ g is also a connection
form.

Proof. — Let p P E
�

a�p pf
�!q

�

e
�

�

pf � apq
�
�

e
�

�

a�fppq!
	

e
� idg

Let g P G,

a�g pf
�!q � pf � agq

� ! � pag � fq
� ! � f�

�

a�g!
�

� Adg�1 � ! � df � Adg�1 � f�!
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Hence f�! : TE Ñ g is a connection form.

Lemma 1.2.6. — Let p� : E Ñ B;F; aq be a principle G-bundle with a con-
nection form !. For any smooth curve 
 : I Ñ B, a t0 P I and a u0 P

��1 p
 pt0qq, we have a connected open subset of I called It0;u0 Q t0 and a
unique smooth map 
h

t0;u0
: It0;u0 Ñ E such that

– 
h
t0;u0

pt0q � u0

– � � 
h
t0;u0

� 
|It0;u0
(Lift)

–
�


h
t0;u0

��
! � 0 (Horizontal)

Note: 
h
t0;u0

is unique only once we fix the choice of It0;u0 . By enlarging
and contracting the interval of definition, we will get different horizontal lifts,
but by the above lemma, they will have to match won their common domain
of definition.

Proof. — Let 
 : I Ñ B be a smooth curve, let t0 P I and u0 P �
�1 pt
 pt0quq.

Then by 1.1.5 we have an It0 Q t0 which is an open, connected subset of I and
a smooth map ~
t0;u0 : It0 Ñ E such that ~
t0;u0 pt0q � u0 and � � ~
t0;u0 � 
|It0 .
Now, let 
̂t0;u0 be some other smooth lift of 
|It0 such that 
̂t0;u0 pt0q � u0.
Then by the freeness, transitivity and smoothness of the action, we have a
unique smooth (smmothness follows from the second property in the definition
of G-bundle) ĝt0;u0 : It0 Ñ G such that for all t P It0 we have 
̂t0;u0 ptq �
~
t0;u0 � ĝt0;u0 ptq and ĝt0;u0 � e.

So let us suppose there is a horizontal lift 
h
t0;u0

: It0 Ñ E. Then, by the
above argument, there must exist a unique gh : It0 Ñ G such that 
h

t0;u0
ptq �

~
t0;u0 ptq � g
h
t0;u0

ptq for all t P It0 and gh
t0;u0

� e. For 
h
u0;t0 to be horizontal, we

must have

!
h
t0;u0

ptq

�

9
h
t0;u0

ptq
	

� 0 ðæ !
h
t0;u0

ptq � d
h
t0;u0

|t � 0

ðæ ! � d
h
t0;u0

� 0 ðæ
�


h
t0;u0

	�

! � 0

Now,

d
h
t0;u0

|t �da~
t0;u0 ptq
|gh
t0;u0

ptq � dgh
u0;t0 |t � dagh

t0;u0
ptq|~
t0;u0 ptq

� d~
t0;u0 |t

�da
h
t0;u0

ptq|e � dLgh
t0;u0

ptq�1 |gh
t0;u0

ptq � dgh
u0;t0 |t

� dagh
t0;u0

ptq|~
t0;u0 ptq
� d~
t0;u0 |t
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where in the second line we used a~
t0;u0 ptq
� a
h

t0;u0
ptq � Lgh

u0;t0
ptq�1 . Since

!p � dap|e � idLiepGq and a�h! � Adh�1 � !, we have

!
h
t0;u0

ptq � d
ht0;u0
|t �dLgh

t0;u0
ptq�1 |gh

t0;u0
ptq � dgh

u0;t0 |t

�Adgh
t0;u0

ptq�1 � !~
t0;u0 ptq
� d~
t0;u0 |t

�dLgh
t0;u0

ptq|gh
t0;u0

ptq �

�

dgh
t0;u0

|t � dRgh
t0;u0

ptq|e � p~
t0;u0
�!qt

	

�0

Since Lh is a diffeomorphism, dLh is invertible for any h P G. So we have

dgh
t0;u0

|t � �dRgh
t0;u0

ptq|e � p~
t0;u0
�!qt

Choose any chart of G around e. That is, we have an open V � G and a
diffeomorphism � : V Ñ Rn such that e P V . Then still assuming 
h

t0;u0
: It0 Ñ

G exists (and hence gh
t0;u0

: It0 Ñ G) exists, we define Jt0;V to be the connected
component of gh

t0;u0

�1 pV q. Jt0;V obiously contains t0, is open in It0 (and hence
open in I, as It0 is open in I) and connected. Then, for t P Jt0;V

dgh
t0;u0

|t � �dRgh
t0;u0

ptq|e � p~
t0;u0
�!qt

ðæd�|gh
t0;u0

ptq � dgh
t0;u0

|t � �d�|gh
t0;u0

ptq � dR
��1

�

�
�

gh
t0;u0

ptq
		|e � p~
t0;u0

�!qt

ðædgc
t0;u0

|t � �d�|
��1

�

gc
t0;u0

ptq
	 � dR

��1
�

gc
t0;u0

ptq
	|e � p~
t0;u0

�!qt

ðæ 9gct0;u0
ptq � F

�

t; gct0;u0
ptq

�

where gc
t0;u0

� � � gh
t0;u0

: Jt0;V Ñ Rn. and

F : It0 � Rn Ñ Rn

pt; xq ÞÑ �d�|��1pxq � dR��1pxq|e � p~
t0;u0
�!qt p1q

is obviously smooth. The initial conditions become gc
t0;u0

pt0q � � peq, The
solutions of the original equation are in bijection with the solutions of this last
coordinate expression.

Now, we run the argument in reverse. F is smooth, hence uniformly Lipshitz-
continuous in x and continuous in t. By the Picard-Lindelöf theorem there is
an open open subset of It0 containing t0 on which

9gc
t0;u0

ptq � F
�

t; gc
t0;u0

ptq
�

gc
t0;u0

� � peq

has a unique solution which is C1. This solution is actually smooth because we
can repeatedly differentiate the equation as F is smooth and use the differential
equation inductively to differentiate gc

t0;u0
. Let this interval be It0;u0 � It0 .




