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Fibre Bundles

Let E, B and F be smooth manifolds and : E B be a surjective smooth map. Then
(E;B; ; F)isasmooth bre bundle iff

m 8b2 B,90openU B containing b and
9 diffeomorphism : 1(U)! U F suchthat
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Principal G-bundles

Let (E;B; ; F) be a smooth bre bundle and G;; e;( ) ® be a Lie group. Let G
act on E smoothly fromtherightbya: E G! E,a(p;g)= p g. Then(E;B; ; F;a)
is a principal G-bundle iff
m a acts freely and transitively on bres
m8p2E,ap:G! 1(fpg) (de ned by ap (g9) = p 9)is adiffeomorphism
m By the above point F ' G (as manifolds), hence we have the local trivialisation
u: L(U)! U G.We require them to also satisfy

(P 9= (P 9
where G actson U G by multipliying the second component from the right.
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Gauge Transformation

m Let (E;B; ; G)and (E%B; ©G) be principal G-bundles. Amapf: E! Elisa
morphism of principal G-bundles if it is compatible with the action of G, i.e.

f(p 9)=1(p) ¢

= This implies thatf: E ! E9 gives rise to a morphism of bases spaces on
composition with the map ©, as it preserves the bre structure (maps bres to
bres). Let this induced map f: B! BO

m If f is a diffeomorphism E ! E and a morphism of G-bundles, then we call it an
automorphism.

Gauge Transformations
An automorphism of E that induces idg on its base space, i.e.
f:B! B=idg

is called a gauge transformation
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Connection

|
A connection form on a G-bundle is a g-valued 1-form ! such that

m Forany Xe 2 g, we have ! p X,’f = Xe

m Foranyg 2 G, we have a;! = Ad !

g 1
where g is the Lie-Algebra of the Lie Group G;
f ! =1 df,foracovector eld ! onthe manifold M and afunctionf: N!M ;
X# is the fundamental vector eld de ned as X:f = dapjeXe
m We canwritev 2 TyE asv = X + Xf as the tangent space is the sum of
horizontal and vertical spaces. The vertical space consists of fundamental elds

evaluated at u, i.e. tangents to the bre and the horizontal space is de ned as
ker! .

m Iff: EO! E is a morphism of principal G-bundles and ! is the connection-1-form
onE, thenf | : TEC! gis also a connection form pulled back from E to E°
through the map f. We shall use this fact for the special case when f is a gauge
transformation.
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Parallel Transport

If( :E! B;F;a) be a principle G-bundle with a connection form ! . For a piecewise

smooth path : 1! Bandaug2 1(f (0)g) thereis aunique path ": 1! E such
that
m Piecewise smooth: L‘O is smooth whenever is.
Lift: h =

m A
®m Begins at up: {}) (0) = Ug
m

Horizontal: !y () d jt (1) = 0whenever de ned.
0

Therefore, we de ne parallel transport as tra' (u) = (1)
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Wilson Loop

m Let p: 1! Bsuchthat (0)= (1)= b, then the parallel transport map
tra', (u)=u h' (u)

canbeusedtodeneanewmap h' :  l(u)! Gforu2 I(b).

m Itis shown that for different choice of points on the bre above b we get conjugate
group elements. Thus, we can de ne a map which takes a closed curve in the B
and gives a speci ¢ conjugacy class of G.

= Now, givenamap K: S B, we have a choice of a starting point, say b to turn it
into ,: 1! B. Itis shown that for different choices of the base point we get the
same conjugacy class.

We de ne the Wilson Loop of a curve in the representation as the trace of the
representation of any element from its conjugacy class. Speci cally,

Wi (1)=Tr h' (u) =T h' (v)
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