
 Week4
Chern Weil forms and abstract

homotopytheory
FreedHopkinsPreviously for a principal G bundle p E 2013with a connection

Wp ex Sym g 1 x

is a homomorphism

et Bon Man Grpd s Man Set Grl

I cL L.me
in guy

on

withconnectionsoverM

preserving isomorphism
pyfffhm.fm

Thm The map
CW sym gu Nat Bunch 1 7

is an isomorphism

ChernWeil forms are the onlynaturaldifferentialforms
associated to a connection

on a principal G bundle



Yoda philosopy

There exists a universal classifying space Bun such that

Map X Bung principal G bundleswith
connection

There exists a universal stace of differentialforms
s

Map X D derham complex of X

We want to interpret Map Bun
1 as 1 Bung

Generalized smooth spaces are Sh Man x Grpd

and smooth maps

This is an x category
in particular an x topos

Ref Chapter6
E is an x category I is an x topos ifthere exists a small x categoryX

and HTT
anaccessible leftexactlocalizationfunctorPsh X e

Example tokeepinmind Sh X forsome Grothendieck topologyonX



Sketch

Part 1 a Prove that Bung NG

b Prove that Bang S g NG

Part2 for any discrete sheaf with a G action themap

Fpa 1 F induced by 5 FIG
effective elemorphism

is injective andthe image canbe easily
characterized as special

G invariant forms on F

Part3 1 S C v7 Kos VV

Part4 52 S 9 is G invariant subcomplexof
Kos gu

show that this subcomplex is isomorphic to Sym g
Whichgives the desired isomorphism

Kos g a'C g
from Part2

symcg Bun



Some homotopical constructions in an arbitrary
x topos e

1 A monoid objectM Δ e such that

is Segal condition Mnitha Mn
nitna n

hi n th n f
t is a pullback

NJ 0 Mn Mo

chainsofn arrows chainsofns arrows MMM Miff
an acommonpoint

i Mo contractible

Therefore Mn 1 M Mi M

2 A groupoid object G
Δ e such that

ni n and all squares it iz pi P2

such that
nitna Ni

i and iz are injections
Pi Imci U Im iz n tha

jointly surjective
N2 to

Im ii n em Cia lipid
singleton



the induced square

Gnitha Gn

1
is a pullback square

9h2 Go

3 A group object in
C is agroupoid object such that

Go

4 Given a monoid object
M in C a left M module in

e is a pair A Δ e p A M

such that as An Mn In

I 1 In
0 Mo 0



Note that Mo

Therefore An Mn X Ao M M Ao

Given an object in C a left actionof M on X

is a left M module A and an equivalence X Ao

Mixmixx Em ii
projm p

d Do
182

MIXM Its Mi II
α Mix

is the action

and higher simplices
encode coherences



6 Trivial action

A monoid M acts on by taking A M id M M

This is the terminal object in LMod e

Module is a full sub category of Func
Δ e Im

on left Mmodule objects

7 I 1 Func Δ e e

colim 2 1 1 E X

This is called geometric realisation

Given an object in with a left M action A

define homotopy quotient
IAI

in Sets

Colin f My Ffp x gives coequalizes of action andpro
Intuitively

acm.dnprojem.sc

orbits of Maction
mox x



Particularly IMI is called BeM the classifying objectofM in e
naturally pointed

M
There is a functor take 1 I

constitmpliff
1m LMod e 9pm

9 Given a morphism e X Y in e

The Cech nerve of e
denoted Ece Δ e

En Y

X Y X Y X Is
Note e is a groupoid object

notion ofThere is a map 1 ice Y fly
0 e is an effective epimorphism if I Ece Y



Let Eff e be the full subcategory of Func Δ e on

effective epimorphisms

Tim 1 C Eff e Grpd e is an equivalence

backwardsmap is given by

DIGI G

Tm 2 let G be a group object
in C

NG LMod e type
is an equivalence

Thinkof
backwards map is given by actions via

classifying

DHIIIGX.tt x sBeG objects



Observation

Beg
Mode e 18 e

forgetaction fib f

f BEG
i.e If

BEG BeG

fibf
fib fyg

et Y be an object of E and A 8 e be an action of
G on Y There is a natural equivalence

Y fib BeG

Ref
Principal x bundles
Nikolaus Schrieber Stevenson

2023



Thm 3 If I Sh Man Grpd

let f E Ez If for n 0

To E Rn To E Rn is a surjection

then f is an effective epimorphism

HTT Prop 7 2.1.14 tmore



let e Sh Man x Gtd

Man Sh Man x Gpd

M Hommans
M ICM ftp.wahed

or a lie group G

Bar G Δ Sh Man Grpd is a groupobject

In II p
art 1
Consider Bang Sh Man x Arpa

and triva Bung

tring M Bung M for each manifold
M

My m
trivial bundle

M



rop 1 triva is an effective epimorphism

roof Using Thm 3 check To triva Rn is surjective
n

To Buna Rn

every
principalG bundle

on a contractible
manifold

is trivializable

rop2 is Ectriva Bar G

roof octriva IT xI
Bung Bung Bung

or n

P PCM
pointwise 1 I

BundM
Bung



PCM Aut Mx G an M in Bunam

Aut MAG M Homman M G

f proja of e

mg II
cm g.fm

PCM G M

i P ICG

similarly cctrivaln.at xn
xt Ca BarCG

n7rop3

Bung DG



roof Take geometric realisation on both sides

18 triva Bar G I NBarca
bdefintion

But G is 0 truncated and therefore BAG is the same

data as

Also
using

Thm 1

Id triva a codoman triva Bung

G
Therefore Buna XG ftp.Bsncman.x arp

Consider Bungo Sh Man x Grpd

M principal G bundle over M with connection

and connection preserving
isomorphisms

here is a map
forget theU Bun BUNG connection



Then by Then 2
Bung fibug

To compute fib U

Bung
trio

pointwise

Bunji M Bun MConsider Bun

1 to 1
Bung Buna M

expliata.mgfaTkoggroupoids

bj P Q q M G P

Mor P Q 4 P2 2 42

is f P P2 an iso of G
bundles

MXG
suchthat f Q2 and

g
ie 1 9 91



This is in fact 0 truncated sheafof sets
I

define trivi g Bun

trivi M S M g Buns
w MAG

µmm
with connection

determinedby
W

prm w pret IC

1
MCES Gg
gIdg

at.si iIin
to

Buna



tm sick g
Bun M

w M G pr m
w Pr MC id M

this is fully faithful because both groupoids
are discrete

essentiallysurjective
becauseof

property of
connections on trivial bundles

i t is an equivalence explicit action

we have computed fib U Ad ICG n'C g 114,9

g α g MC Adg
α

and Bang sit g I



Part 2

Define 1 Psh Man x Grp Duectin

E Ias

let a lie group G act on a sheaf F
g m91g

A F E THE IFF F

gig dRg 9

standard constructions in derham theory
F has a G action GE g I induces an invariant vectorfield on G

R F 2 9 5 sep 1 AXE 1 e E 1 F

Leg

slight horizontal
movement



Thm 4 s Fy induces a map FG 1 F

This map is injective at each
level and the image

is

basic subcomplex

i g E G w
egg xp G invarint

ii yeg LgW 0

Compute s FG Colin a F
discrete

sheaves

lim is F
g

taxes

Lim R F PCG F
because are

set

her SPG 1 projf ICF
Trop The equalizer is exactly the basic subcomplex



Sart 3

Defn Let V be a R vector space

The Koszal complex

Kos V is a dga 1 V Sym V

with differential dk G w̅ v V A'V deg 1

die E 0 Sym V deg2

Kos V is generated by V
I V

Consider the map

7 Kos Vr 1 R'C V

defined by y e
m

v l a α

LEV 1 VV for aie M

Vit V



Tm 5 M
is an iso morphism of dga

This is equivalent to saying
that every

natural transformation

W s C v7 s

is unify of the form

Wm i Vi Is Mas Vin Vj Uje di a dip dαj
ᵈ je

antisymm in firstk variables
and symm in last l

and p kt 21

Proof Sketch If it is know to be ofgiven form

1 Uniqueness
extract Me by evaluting w for

manifoldsof large dimension
T.entghlnearly.independent 1 forms



2 lemma for w SP S C V7 and α M V

the value of Wm α at x M depends only

on the N jet of α at so for some N

Moreover N p suffices

3 W is determined by its value
at the origin of

vector spaces W Man

Ñw Jet W W V 1 W

211

sym W W V

lemma cow is a polynomial of degree q



4 Ñw ogives a linear map
β

10

Tw Sym
SymiW W V

1 0

P W

this is GLCW invariant by naturality
in W

5 Weyl
A non zero GLCW

invariant linear

map W N W has N p and

is a muliple of
the anti symmetrization map



6 Tw factors through sym W V 1 NOV
1 0

therefore ion is polynomial in WOV
Yf

Fet
rally firstderivative

Part 4

We have y
Kos g

R't.gs
21

2 Bun

To compute 2 s 19 9 Bung

we abbly Ttm 4



given w 1 5211 19 Kos gu
W 52 Bungo if it satisfies these

conditions

i g E G w
egg xp

i yeg LgW 0

gives G invariance condition and restricts us to

Kos gv
G A R M g

I 11 g then Nce m
A A e

i Nce ecg

I sym'g then n G m
A d A l

adjoint action ongV

i NCE Adg l 1g



We can compute that

Re I I e e
curvature

igN Re 0
and in fact her igon

is the subcomplex of
Kos gv

generated by

Se
Since she is deg 2

this is

sym
re leegr sym gv

basketee

Therefore
CW sym.gr

s Bun

because 4 0 Nowitz



given
an invariant polynomial of degree k on g

we

apply
it to the curvature of a G connection to obtain

a closed 2k form This assignment is local and natural


