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81 A succent definition of a classical fieldtheory

II Let V be a vectorspace of dim d A density on is afunction A v R

suchthat or v Irl v or E IR and o e nd V
Denote 1 dim vectorspaceof densities on V by Densv

De The density line bundle on a manifold Densin is a smooth bundle whose

fiber over x E M is the 1 dimensional space Denstein of densities on TocM
Sections of Dens on openset U are smooth densities on U These can be integrated
Densities are differential geometric analoguesofmeasure
De3 let E be a smoothvectorbundleoverM The x jetbundle Jet E is the vectorbundle

whose fiber at x EM is the spaceof jets formalgerms a x of sections of E We
denotethesheafof sections of Jet E as J E
DE For two vector bundles E and Ez over M let E and Ez denote the

sheaf of sections respectively A differential operator D E Es is map

of sheaves that factors as Es where D is inducedby a mapofvector
jetprolongationofa section jx

gg
D bundles Jet E Ez



Defn 1 5 Let E be a graded vector bundle on M Denote E EV Denson

F 1 shifted symplectic structure on E is an isomorphism of gradedvectorbundles
E E 1

which induces
ay.qnt.ismmetiggggng

Zoe E E Densms1

Ec is the sheaf of compactly supported sections of E
for each open U C M there is a 1 shiftedantisymmetricpairing

Ec U Ec U Dens U 1 R 1

i e for 4 ECCU

y Gcse v00 101 141 1 for nontrivialpairing
DCEU

Physics ECU space of fields of a theory arising as
sectionsofavectorbundle



A pre classical free field theory is the following data
i a manifoldM spacetime
ii A I graded vectorbundle E on M with a 1 shiftedsymplectic structure

iii A differential operator on the sheafof sections of E
Q E E

of cohomological degree 1 squarezero and 19144991401 Qa µwith repect to on Ec
for Q N of homogeneous
degree in Ec

A pre classical free fieldtheory is a classical if EQ is

MYliphTmomfex is a 2 gradedvectorbundleand a differentialoperatorQ E E sit Q 0

and whose principal symbol complex is exact on T M I M

Thm The cohomology groups of an elliptic complex on a closedmanifold are
finite dimensional



Recovering the built in physics of free field theories

for Ec U for U C M

S p 0 Q is the action

Physics For a fieldtheory we find fields that extremises called physual fields
critical locus Crit S

i.e we want to solve d5 0

derived world locality

sheafof FMP

I
localellipticLo algebra

É I



Theorem C G A free fieldtheory M E Q 7 has
Obs is a cannonical Po prefactorization algebra of classicalobservables
Obs i a cannonical BD prefactorization algebraof quantum observables

82 Po operad and BD operad

Defn2 1 The Po operand is thegraded operand generatedby a commutative sassociative
product of degree 0 and a Poisson bracket of degree 1

A Po algebra is a edga with a 1 shifted Poisson bracket

A prefactorization algebra is a Po or 1 shiftedPoisson prefactorization
algebra if
in each FCU is a Po algebra
i the corestriction maps are mapsof Po algebras
Iii The sections of disjoint opens Ui under the factorization maps

FCU 0 Un FCV Poisson commute in
FCV

It is pre factorisation algebra valued in PoAlg e for some categoryre



Defn 2.2 The Eo operand is the operand with Eo O IR and Eo n 0 n 0

An Eo algebra is a pointed object

Defn 2.3 The BD operad is an operand in dg modules over IR I where h has
cohomological degree 0 whose underlying graded operad agreeswiththePo operad
tensored up to IRTTI i.e BD Po READ equipped withthe differential
that satisfies d A on BD 2 and determines thedifferential
on the n ary operations

Beilinson Drinfeld 2004

A BD algebra structure on a flat dgTRIADmodule M is
c a commutative associative product of degree0
2 a Poisson bracket of degree 1 the internal differential d dm
being a derivation forthis bracket

3 d m n dm n 1
m
m dn m n

holds



Po

LEE
Tha c BD

pay
Po an tso of Mdd

interpolates betweenPo E

ii BD Opp IR CAD IR TD a quasi isoofoverads over
IRCTD

Defn A BD quantization of a Po prefactorization algebra F is a BD

prefactorization algebra Fit and a quasi isomorphism

Fn Grand IR F of Po factorization algebras



83 Classical Observables

For a free field theory M E Q 7

Intulvely
observables are functions on the physical fields
Obs U sym ECU see

distributional linear observable
instead we use

replaced

sym E U bumpfunction

smeared linear observable supporldnearDC

Temma E U is chain homotopic to ECU

Defn Obs U Sym E U sym ECU I

U a edga obs U
Obs U

UCV it Obs Us obs v
form aextensionbyzero
prefactorization

disjoint multilinear algebravii on a cons



Excursion on derivations

Let E be a nice x category and let A be a commutative algebra
object in e M be an A module

DerlAM tomcagee
CA ATDwithes Theatre

Der A M is an A module in E I

t
for X obj re and A cAlg e Home

cage
CA Aom I

id broja

calgle e
Home

cagle
A A M

Homepy
M

sym U 1
theme X UA 11m

cage
sym X A I s thecage

A A

Claim
Der sym X M Hom_ XMD

We consider Der Sym X Der sym x sym x

tom x Hoa x sym x useful

Home xox sym x
This is spaceof bi

derivations on sym x valued in sym X



To give Po algebra structure to obs U

shift the pairing E.LU ECU Dens 1 IR 1

we obtain a 1 shifted antisymmetric pairing

Ec U i Ecu I IR I

lemma
The spaceof biderivations on SymEcCU D valued in Sym ECU

I

Itom_feicuscit EedIE13 sym edu 1

Usethe pairing and include IR 1 symedU I

1 whichgives a biderivation

Check it satisfies Jacobi Sym ECU D

for disjoint Ui V2 CV α e obs Vi

i i a 0

makes Obs a Po pre factorizationalgebra



84 Quantum Observables

Defn4 Let Heis U be defined as the central extension

0 IR I this U e U 1 0
with liebracket

ha 4 Tb h 0,4 for ye edcu

Defn4.2 Chevalley Eilenberg complex

Given a 9 dgla consider its homological Cherally Eilenbing complex

CE g sym g I D

Thedifferential D sends theproductofhomogeneous
elementssci in degree Ixil to

Dex Xn 1 29 24 1 dki dish h
pkillixitelt.ntbej.nl a seeslit sej_ Xixj xja Xn

Obst U CE Heis U Sym Heis U 1 D



As a graded vector space

Sym Heis U 1 Sym IRA E U sym e U h

Obs U A

The quantum observables supported in U have
1 product structure of degree 0 as a symmetric algebra
ii Poisson bracketofdegree 1 extended as a derivation frombe bracket on
HeisCU

Since IRAND 1 is central poisson bracket reducesmodulo t to

poisson bracket on obs U

BD axiom follows from definition of C



85 Correlation functions

Let M E Q be a fieldtheory

and Suppose H ECM Q 0

ECM is the tangent complexforthe formalmoduli space of
solutions to the equations ofmotion atthe

basepoint aroundwhichwe are doingperturbation

The statement that this tangent complex has no cohomology
means trivial solution of eqofmotion has no deformationisolatedpoint in themoduli space

Lemma5.1H obs M READ

Defn5 2 Ui V2 Un CM disjointopensets

Oi Obst Ui

Define 0 On READ to bethe image of product

0 On E H obs M undercannonicalIso belive
CobsECM and READ



Examples

Treescalarfieldtheory ofmanifoldM withmass m 2 AbelianYangmills withgaugegroup IR

i e u Cocu 1 coco ish
Vds ΔᵗM it is stcdmmemtkcontdiothnmivial.IR bundleonM

Sum 12 dAa dA a A d d A
pairing on ECU

equationsofmotion dodA 04010,011 000 for E CACU k
gaugesymmetry DCM A A dx

ICU Sym ECU 13 sym Coco I EmeaCu E ICM d SCM SCM 1 Is CM 2
HCE is spareof A S M thatsatisfyYM ddA0
modulogauge symmetry

Egpgnag.EE
scicuosymcecu symco

sectionsof x 7C U

def Pvc C W polynomialvectorfields on C U alongthe foliation givenby TCCU
differential is contraction

by Vds

VdsthDiv
obs U CCU Sync v symAlu

CGVo1 Ch4




