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5 Introduction

Hilbert 1901 List of 23 Problems
Sixth Problem
Formalisation Axiomatisation of Physics
Mathematical Treatment of the AxiomsofPhysics

Axiomatic Approaches to QuantumfieldTheoryl

v v v

Wightman Axioms Haag
Kastles Axioms Atiyah Segal formalism

1960s 1960s late 1980s
Fields Algebra of observables space of States and
operator valueddistributions as

f.ge
propagators

AQFT III
Ho

Algebraic QFT FQFT
Functorial QFT



8 Functorial Approach to Quantum Field Theory

Categoriesandfunctors source target

A
category

consists of a collection of objects and a collection ofmorphisms

every
morphism has a source object and a targetobject
we can compose morphisms there is a unique identitymorphism foreachobject
composition is associative satisfies left and right unit lanes

Examples objs and morphisms

ategory Set sets and functions

vector vector spaces and linearmaps
Grp groups and grouphomomorphisms

id Top topological spaces and cont maps
2M Cat categories and functors

source

target
Cobnin closed n 1 dim manifolds and n

dimcobordiq.mg
mam

oh

no TIE



A functor F e D
is a map sending each object C in to an object FCC in D

each morphism f X Y in e to a morphism FCF F x FCY

such that F go f F g F f for all composablepairs fig in e

FCid idea for all objects in E
f f g

Ecg

ine FCX ing
F 2

A monoidal category is equipped with a notion of product of its objects and morphisms

a functor e x e e
a unit object 1 E

associators

left and ought unitors 10 01

such that 1 0 10

10 10 10
A 01

pentagon

tringle to 1 10



IAxiomatisethepropertiesofaPathIntegral

Ad.de'm functorial fieldtheory is a symmetric monoidal functor

2 Coby
did Vecta

closed d 1manifold s Z S
thevectorspace corresponding
to space of states

Functoriality Locality E sin 2 Sout

a linear map propagator

monoidality LI
2

Quantum

e a

closed d manifold the partition function



2d Conformal Field Theory

Chiral CFT
gg.ggfFullCFT2dChual
Conformd fieldthey

v v v

Wightman Axioms Haag
Kastles Axioms Atiyah Segal formalism

Vertex operatorAlgebras Conformal Net Z Cob I
VOAs Lin Cat

CarpiKawahigashi

unitary longo Weiner 2015 spaceofconformal
HenriquesTener upcoming blocks

2d chiral conformal field theory sits at the boundary of 3dTQFT



Review of UN algebras Ref Complete W categories N Henriques Penneys

Let H be a Hilbert space
let BCH be the algebra of bounded linear operators on H

Defn
A von Neumann A algebra on H is a subalgebra of BCH such that
A A where A b E BCH ab ba a A and A A

A left module over a von Neumann algebra A is a Hilbert spaceaH equipped
with a homomorphism A BCH
An A B bimodule is a hilbert spaceatl equipped with A BCH Bop BCH
whose

images commute in BCH

An abstract von Neumann algebra W algebra is a algebra isomorphic
to a von Neumann algebra on some Hilbert space

By Haagerup 75 every abstract UNalgebra A admits a canonically associated
Hilbert space AL AA which is an A A bimodule
This is called its standard form non commutative space



Let X A B L A and f A B L'A be the actions

Def Let Ha and AK be ought and left A modules respectively
Their Coesfusion HIT K is the Hilbert space completion

of the vector space Hom
mod p ALAA Ha aL AA HOMAmod thAA AK

A A

with respect to the inner product
Q 4 9 G Gi 7 Q 42 929 0

Da is associative and L A is the unit

Alternative expression

H Ea K proja L End
a mod

AH AK proja

f
projal

Nivedita Vij
op



Next partial construction of

Segal functorial X CFTs from
Conformal Nets



Mw
E Conformal Nets

Solitonic Representations of Conformal Nets

Role of 2 Hilb and 3 Hilb higher hilbert spaces

8 Functorial assignment to cobordisms

O and 1 dimensions



FCI

Conformal Nets

vacuumIllologleollette

F F
foliations

Chiral ACO only depends on image

of 0 underprojectionn
M F

BHo

Gradde Introduced in
Gabbiani Frolich 93



The following properties hold for any conformal net

Tomita Takesaki

trivial center

I

I



Im From the data of a conformal net it on St
we can build a co ordinate free conformal net

a covariant functor
A Int UNAly

intervals von Neumann algebras

smooth embeddings unaly homomorplusins



A representation of a conformal net t on a circle S is
a hilbert space H equipped with actions α ACI BCH

I suchthat
J C I I ACT αJ

A morphism between two representations of it
f Hi α scs H2 Be scs is

a map f H H2 ofHibertspaces such that fo I β I I S

The category of representations of A on circle S is denoted
Reps A

Given a diffeomorphism S 52 there is an equivalence
of categories

0 Reps A Reps A

H s H 0111 A 01,1 ses



D degenerate ribbon finite tensor

category

1For rational CFTs
Reps A is a modular tensor category MTC

Reshetikin Turner construction

3D TQFT 2 Cob Vect
modulo anomaly

Reshetikin Turaev state space on a 2 manifold Y

space of conformal
blocks on Y holographic principle

What does this assign to aint Cobordism Hypothesis forTQFTs



Fully
Extended functorial field theories

2 Cob 7

obj
1 mar Algebraic 3

category
monoidalmit

I
Endn His 1 n 1 Hilb

2 mar

P I 11h Hilb loops

Model for 2 Hilb
3 mar

with
Mor UNAlg

obj von Neumann algebras monoidal
unit

OF 1 mar bi modules

3 manifold
2 mar bi module homomorphiss

Model for 3 Hills Mor Categorifield UNalgebras Bicommutant categories



Sketch of definition analogous to vN algebras example hind
in

A T
f
keelfilb

algebra a linear monoidal category
to Carattierson

structure full dagger bi involutive structure
t anti linear

commutant A in B given i T E a tensor functor

given A B Eli T E is the category data

be B ab ba aeA obj X ex y X ily ily yey

commutant of a alg half braidings natural in Y
isa algebra Mor Xi ex X2 ex

is f X X2 in E such that

I 1 461

IFF I S
x Y

has a monoidal structure



TabsAL AA full subcategory generated by
absorbing objects

SOX I I
X E T

L T End Tabs R Tmt End Tabs
X X

Bicommutant Category abstract is T such that

left and right actions of T on T are each others commutants

data of L R being bi involutive tensor functors lots of
coherence



Solitonic Representations of a conformal net

Let A be a type IT von Neumann algebra factor

End A Bim A is monoidal equivalence

obj e A A LA A A BCLA

or be p f 92 L A A

be.es EA s.t act by be.es
b p a p a b

a EA

O e 12 9209 LA Da
12 A

12
A



Def Given a conformal net it a circle 5 with a marked pointb
the category of solitonic representations TACS b has

objects H 4s ACS BCH s

P 8

morphisms maps of hilbert spaces that intertwine allthe actions

Def Given a conformal net it an interval I the category of
left localised endomorphisms of ALI TF I

obj e ACI ALI such JCI I I EJ

play id
ACT

Imor a P P2 is an element in 2 I

A neighbourhoodof 2 I and a P x 12 x a xe ALI



Prop let i I I be an embedding that maps 2 I I I

9 I and Theft I are monoidally equivalent

p pext extension by identity

Im TACS b Bim ALI

N

1 I End ACI

Sol A

Thm Sol A is a bicommutant category
N Henriques



Thm Drinfeld centre of Sol A is Rep it
N Henriques

Generalisation work in progress

given B CA a subnet of a conformal net

we can define Solz A of B topological
solitons of it

special case Vir CA

we expect that Solvir it to the category of
topological defects in 2DX CFT it



Functorial assignment dim 0 and 1

dinII ydout.tl
Diniz Iz Tout I

i dim ns C

cobordisms glue CD
P

The categoryof
2in I gets assigned left localised endomorphisms

of a collar neighbourhood of 2in I

Dout I gets assigned right localised endomorphisms of
collar neighbourhood of Lout I



D
I gets assigned left A I Mod right

T dint TCDout I

Fusion Categorified
Connes fusion

ACI Mod A Is Mod
TCP

abs

Proja End
yep

A Mod A Is Modo

21
Thm N

ACI Y Is Mod



Open Physical interpretation of Sol A

To what extent does Sol A remember the

central charge of
the theory

For rational theories the drinfeld center of Sol A
remembers c mod 8
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