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1 Background structures

Definition 1.1. A simplicial complex K is a pair (Vi, Sk) where Vi is a set and Sk is a collection of finite
nonempty subsets of Vi such that

e veVx = {v} €Sk
eccSkando' Coando’ #0) = B e Sk

The elements of Vi are called the vertices of K and the elements of Sk are called the simplicies of K.
For any simplex o, define its dimension by dim o = card (o) — 1. Denote by S} be subset of Sk consisting of
n-dimensional simplices. A codimension k face of a simplex o is a subset ¢’ C o such that card (¢ \ 0’) = k.
A finite simplicial complex is simplicial complex with a finite vertex set.

Definition 1.2. We define the category of simplicial complexes SC as
e Objects: Simplicial complexes

e A morphism f: K — L is a set function f: Vx — Vj such that for any simplex o € Sk, the image
f(o) e SL.

e Composition: We compose the underlying set functions.
o Identities: The identity morphism on K is given by idy, .
Let SCgy denote the full subcategory consisting of the only the finite simplicial complexes.

Lemma 1.1. For f: K — L a simplicial map and o € Sk such that dimo > 0, if dim f (¢) = dimo — 1,
then there are exactly two codimension 1 faces 01,09 of o such that f (o1) = f (02) = f (0).

Proof. fl,: 0 — f (o) is surjective and card (f (0)) = card (¢) — 1. Thus there will be exactly 2 elements of
o which have the same image under f, let these be v1,v2. Then the only two proper subsets ¢/ C ¢ which
have the same image as o are o \ {v;} (i = 1,2), as removing any other point will mean that the image of
the subset does not cover the image of o. O

Definition 1.3. Given a poset (X, <) and z1,22 € X, we say xa covers x1, denoted by z1 < x2 if 21 <
and there is no x such that z1 < x < 2.

Definition 1.4. A graded poset is a triple (X, <,dim) such that (X, <) is a poset and dim: X — N is a
monotone map such that if x < 2/, then dima’ = dimz + 1.

A morphism of graded posets f: (X1,<i,dim;) = (X2, <s,dims) is a montone map f: (X1,<1) —
(X2, <3) such that for any = € X, dims f (z) < dimy 2. We call the category of graded posets GrPos. Let
GrPosg, be the full subcategory of graded posets (X, <,dim) where X is a finite set.

There is an obvious forgetful functor Ug,: GrPos — Pos and let ipc: Pos — Cat be the inclusion. We
will often leave these functor implicit.

Definition 1.5. Define a functor S: SC — GrPos which assigns a simplicial complex K to the graded poset
(Sk,C,dim). This restricts to a functor SCq, — GrPosgy,.



Definition 1.6. Let A be a category and K be a simplicial complex. We define the category of A-sheaves
on K by ShA (K) = [SK,.A]

Definition 1.7. The category of A-sheaved simplicial complex, Sh 4SC is defined by
e Objects: Pairs (K, F) where K is a simplicial complex and F is an A-sheaf on K.

e A morphism from (K, F) to (L, G) is pair (f, ¢) where f: K — L is a simplicial map and ¢: Go Sy — F
is a natural transformation.

e Given morphisms (f,¢): (K,F) — (L,G) and (g,%) : (L,G) — (M, H), we define the composite to
be (go f,¢os,)

e The identity morphism on (K, F) is (idg,idx)
Sh 4SCgy, is the full subcategory of those objects whose underlying simplicial complex is finite.
There is an obvious forgetful functor Ugy: Sh4SC — SC. There is a similar functor for the finite case.

Definition 1.8. Given an object V' € A and a simplicial complex K, we define the constant sheaf Ay : S —
A to be the functor that maps all objects to V' and all morphisms to idy .

Definition 1.9. We define the constant sheaf functor A: SC x A°? — Sh4SC by
e For any simplicial complex K and any object V € A, A (K,V) = (K, Ay)

e Given a morphism f: K — L and a morphism 7T: W — V in A, the morphism (K, Ay) — (L, Aw)
defined by (f, ¢r) where ¢r: Ay o Sy — Ay is defined by ¢r (0) : Aw (Sf (o)) =W = Ay (o) =V
is just given by T.

Definition 1.10. Let R be a rig (additive inverse not necessary). An R-incidence relation on a finite
simplicial complex K over a rig R is a function

r: ] Sk xSt =R

neN

such that for any o € S and any o” € S7-2, we have

Z r(o,0")r(a’,0") =0

ocCo'Co’
This a generalisation of [Curl4] Definition 6.1.9].

Remark. LetK be simplicial complex an R-incidence structure r. Let o,0” € Sk be such that dimo” =
dim oc+2. Then ¢”\ o will have exactly 2 elements, let them be vy, vo. Thus the only ¢’ such that o C o’ C "
are 0" \ {v1} and o’ \ {va}. Thus we can rephrase the condition in the refinition of R-incidence relation as

r(o,0" \{vi})r (@ \{vi},0") +7(0,0" \ {v2}) r (0" \ {v2},0") =0

Definition 1.11. The category of finite simplicial complexes with an R-incidence relation, IRgSCg, is
defined by

e Objects: Pairs (K, r) where K is a finite simplicial complex and r is an R-incidence relation on K

e Morphisms: A morphism (K,r) — (L, s) is a pair (f,x) where f: K — L is a simplicial map and
k: Sg — R is a set function such that for any o € Sk such that dimo > 0

— If dim f (¢) = dim o, then for every codimension 1 face ¢’ C o, we have

k(o) r(o’,0) =r(o)r(f (o), f(0))



— If dim f (¢) = dimo — 1, then let 01,09 be the two codimension 1 faces of ¢ such that f(o1) =
f(o2) = f (o), then
k(o1)r(01,0) + K (02) 7 (02,0) =0
e Given two morphisms (f,x): (K,r) = (L,s) and (g,\) : (L,s) — (H,t), then the composition is the
pair (go f,0 = () A(f (0))).
e The identity of (K,r) is (idk, o — 1).

Let S be a multiplicative subset of R. There is a subcategory of IRz SCpg,, such that the second component
of each morphism is a set map into S, instead of all of R. We denote this by IRIS%SCﬁn. An important special

case of this is IRE}SCﬁn. Note IR%SCﬁn =IRRrSCsxn

Lemma 1.2 (Alternative characterisation of morphisms in IRzSCgy). Given two objects of IRRSChy, (K, 1)
and (L, s), a simplicial map f: K — L and a set map «: Sk — R constitute a morphism (K,r) — (L, s) if
and only if for any n € N, any ¢ € S}L{H and any p € Snp, we have

5 w0 (0. 0) — {g(o) s de) (o) € SP AP C f (o)
o' €SE|f(a")=pAo’'Ca otherwise
Proof. Let 0 € Sk be such that dimec=n+1> 10

e Consider the case when dim f (o) = dimo. This is the same as saying f (o) € S’LL+17 which is again
equivalent to saying f|,: 0 — f (o) is a bijection. Now consider a choice of p € S} such that p C f (o).
This is equivalent to the choice of o’ C o of codimension 1, determined by f|;* (p). Thus, the sum in
the lemma reduces to a single term, and the condition becomes exactly the same as the condition for
(f, k) to be a morphism (given dim f () = dim o)

e Now consider the case when dim f (0) = dimo — 1 = n. Then there is a unique p € S? such that
p C f (o), given by p = f (o) (as they have the same dimension). In this case, by Lemma there
are exactly 2 codimension 1 faces of o (let them by o1,02) such that f(0;) = f(0) = p (i = 1,2).
Thus, the sum in the lemma reduces to two terms, and the condition becomes exactly the same as the
condition for (f, k) to be a morphism (given dim f (¢) = dimo — 1)

e In the case p is not contained in f (o) or dimo — dim f () > 1, there are no codimension 1 faces of
o such that f (o) = p. Thus here, the sum in the lemma evaluates to 0, and the condition is trivially
fulfilled.

O
Definition 1.12. We define the category of ordered finite simplicial complexes SCgp or as
e Objects: Triples (K, <) where K is a finite simplicial complex and (Vi, <) is a total order
e A morphism f: (K,<;) = (K, <3) is a morphism f: K — L such that the map Vx — V7, is monotone.
e Composition is set composition
e Identities are identities as simplicial morphisms as they are automatically order preserving.

For any simplex o € Sk and 0 < i < dim o, define ;0 = o \ {v; (¢)} where v; (¢) is the i*® element of o in
the order induced by the inclusion ¢ C V.

Definition 1.13. If R is a ring, there is a functor Aig or: SChin,or — IRE}SCﬁn defined by (K, <) — (K,r)
where r is given by (for any ¢, ¢ such that dimo = dimo’ + 1)

r (o', 0) = 0 Aifa/,@cr
’ (=1)" if o' = O;0

and a f: (K,<y) = (L, <2) is assigned to (f,c1).



Proof that this is a functor. First we show that r is an incidence relation. So pick any simplices of K o,0”
such that dim ¢” = dimo + 2. Then ¢’ \ o consists of exactly 2 elements. Let these be v;, (¢”) and v;, (¢”)
where i1 < i3. Thus the only two simplices o’ such that o C ¢’ C ¢” are 9;,¢6” and 9;,0”. Also 0;,0;,0" = 0o
and 6i2_18110” =0

Z r(o,0)r(o’',0") =r(0,0,0")r (0;,0",0") + 1 (0,0;,0") 7 (0;,0",0")

ago./go-//
=7 (04y-10;,0",0;,0")r (8i,0",0") + 1 (9;,01,0", 0i,0" ) r (8i,0", 0")
= (D D D) () =0

Now we need to check if given a morphism f: (K,<;) — (L,<s), whether (f,c¢;) is a morphism from
Alror (K, <1) = Ar.or (L, <2). So pick a simplex o € Sk such that dimo > 0.

e Let dim f (¢) = dimo. Any codimension 1 face of ¢ is of the form 0;0 for some 0 < i < dimo.
Since f is a monotone bijection between finite total orders, we have f (v;(c)) = v; (f (c)). Thus

0:f (o) = f (0o;). So we have

c1 (0i0) 1 (9;0,0) =1+ (=1)" = 1 (£ (3:0)) 7 (0:f (0), f (0)) = c1 (£ (9s0)) 7 (£ (9s0) , £ ()
Thus this condition is satisfies

e dim f (0) =dimo — 1. Let v;, (0),v;, (0) (i1 < i2)be the two vertices of o which have the same image.
Then by monotnicity of f, these must be adjacent, i.e., i =41 + 1 (for if they were not adjacent, then
more than 2 elements would have had the same image and dim o — dim f () would have been greater
than 1). Then

C1 (3i10)r(8i10,0) + C1 (8¢1+1J)T (8¢1+1O', O') =1- (*1)“ + 1- (*1)i1+1 = 0
Thus this condtion is satisfied.

It is easy to see that Air or preserves identites and compositions. O

If R is a ring such that 1+ 1 =0 (i,e, R is a Z/2Z-algebra), then there is a similar functor Arg: SCqy —

IRj:%l}SCﬁn which assigned the R-incidence structure defined by 7 (¢’,0) = 1 if ¢’ is a codimension 1 face of
o, and 0 otherwise.

Definition 1.14. We define the category Sh_AIR%SCﬁn by
e Objects: Triples (K, F,r) such that (K, F) is on object of Sh4SCgy, and (K, r) is on object of IRZSCiy.

e Morphisms are triples similar to above, and composition and identites are also done using the compo-
sitions of Sh4SCg, and IR%SCﬁn.

Lemma 1.3. We have a (1-)pullback diagram

Sh4IR2SChn —5 TR5SChn

-
PIR Uir

ShASCﬁn T SCﬁn

where prr, psn are the obvious forgetful projection functors. This is, in fact, a (2, 1)-pullback diagram.

2 Sheaf Cohomology

We now assume that A is an semiadditive category (it has finite products and coproducts and they coincide)
enriched over a rig R.



Definition 2.1. For an A-sheaved finite simplicial complex (K, F) with a signed incidence relation r, define

C"(K,F.r)= @ Flo)
o€SE

Define maps d; z,.: C" (K, F,r) — C""' (K, F,r) by (here 0 € S and o’ € Sty

r(o,0")F(c Co') if o Co’

TO] N od¥ oincl =
PrOJ 7 (1) © CK F,r F(o) {0 otherwise

Define C* (K, F,r) = (C’" (K, F,r), d’}wr)r). This is a cochain complex concentrate in nonnegative degrees.

Proof C* (K, F,r) is a cochain complex. We need to prove that d?']l_-r odg x, = 0. Pick a o € S and

"e S}?—z. Then

Proj r(om 0 dic 4 0 die z, o inclr(y) = Z r(o,0')r(¢',0") F (o' Co")oF(c Co')

oCo’'Co’
=9 =

= Z r(o,0')r(c’,6") | F(o Ca”)=0
Ug”/ga//
Since this is true for any o,c” and d}’g}w odf x, is a map from a coproduct to a product, the required

statement is proved. O

Definition 2.2. Given a morphism (f, ¢, k) : (K, F,r) — (L,G,s), we define amap C" (f, ¢, k) : C™ (L, G, s) —

C" (K, F,r) by (here p € S} and o € S%)
k(0) ds if p= [ (o)

pI‘Oj]:(J) oC™ (f7 ¢7 H) ° inCIQ(P) = {0 otherwise

Proof that C™ (f, ¢, k) assemble to cochain map C® (L,G,s) — C* (K,F,r). We need to prove that the fol-
lowing square commutes

c" (K, F) —I% LR =I5 ot (K, F)
™(f, wﬁ TC"“(LW)
C" (L,G) ——— O™t (L,G)

n
dLQs

The previous square commutes if and only if the two paths sandwiched between an inclusion and projection
are equal, as the two paths are maps between a coproduct and a product. Evaluating the first path,

S k)0 0) F(o' Ca)ose

o’'€SE|f(a’)=pNo’'Co

— Z k() r(o',0) s 0G (f (') C f(0))

o'e€SE|f(o')=pNc’'Co

proj]—'(a) © dTIL{,]:,T oC™ (fv ¢7 K:) © inCIQ(p)

> k(") (0',0) | ¢s0G (p C f (o))

o'€SE|f(a’)=pNo’'Co

where in the second line, we have used that naturality of ¢: G oipc (Sy) — F. Now, we evaluate the second
path,

Projz(y) © C" 1 (f, ¢, k) 0 d} g, o inclg(y) = > k(0)s(pp')do0G(pCp')
P €STT f(o)=p'ApCp’

{n(o)s(p,fw))qsaog(pcf(o)) if f(0) € SE AP C f(0)

0 otherwise



This equals the previous expression by using Lemma [1.2] and thus the square commutes. O

Definition 2.3. We define the functor C*: Sh4IRSCZ> — CoCh=° (A) by the previous constructions.
Proof that C® is a functor. We need the check if C'® preserrves identites and compositions.

Identity Let o,p € S} be any two simplicies. Then

1 ~id]:(a) ifp:U

Projr(,) o C" (idk, idr, c1) o inclx(,) = {O otherwise

This is precisely the identity when p = o and 0 otherwise. These are the components of
idenxrm: @D Flo) = @ Flo)
o€Sk oESk
Hence C™ (idKJ:’T) = idcn(K,].‘ﬂ-).

Composition Let (f,¢,x): (K, F,r) — (L,G,s) and (g,¢,A): (L,G,s) — (H,Z,t) be morphisms. For any two
simplices o € S} and p € S%, we compute

0 otherwise 0 otherwise

pI‘Oj]:(O.) oC" (fa ¢7 KJ) oC" (gv 1/% >‘) o inCII(u) = Z {

pEST

5 (0) 6o if f (o) = p O{Mp)wpifg(,o):u

0 otherwise

_ {m(a)w () 6o 0 Vy(o if g (f () = 1

= proj]—'(a) oC" ((97 l/}7 >‘) © ((fa ¢7 ’i)) ° iHCII(M)
ThUS Cn (f7 (ba ’i) o Cn (971/}7 )‘) = Cn ((971/]7 )‘) © ((f7 gb’ l{))
O

Now, if A is an abelian category, we have functors H": CoCh=° (4) — A (defined in the usual way).
Then we define the sheaf cohomology to be the functor

ShAIRRSCP L5 CoCh> (A) X5 A

We often abuse the notation, and denote by H™ the composite.

Remark. If A is abelian and R-enriched, the rig R must be a ring as in an abelian category, the CMon-
enrichment as a semiadditive category is extended to an Ab-enrichement.

Remark. Since if A is abelian, so is A°P, we can play the while game by using A°P instead. A cosheaf
is a functor Sx — A°". And in the end H" lands in A°P. So we have a functor from Sh4erIRRSCEY =
CoShAIRSCEP to AP, or taking opposite categories, a functor (which we denote H,,)

H,: COShAIRRSCﬁn - A

This is called cosheaf homology.
If we take R = 7Z/2Z and A = Z/2Z—Mod = Vectz, oz, then consider

Vecty, oz IR{}),SChn

X J{inclusion

CoShvect, 5, IR7/225Cfin Looshy IRz/225Chn

A
\LDIR J,UIR
u

-
COShVectz/zzSCﬁn Ucosn SCha

Ar

A(—,2/27)

The dotted functor u: SCgn — CoShyect, 22 1Rz /225Cn is induced by the cone induced by SCgy, over the
pullback diagram. Then H, o w is just the usual homology functor (with coeflicients in Z/27Z). We can
similarly recover ordinary homology (with coefficients in any ring) for ordered complexes.



3 Discrete Morse Theory

In this section, we try to understand the functorial properties of all constructions in [CGN16].

Definition 3.1. Let A be an abelian category. A parameterisation of a chain complex (A®,d%) by a finite
graded poset (X, <,dim) is an assignment F’ such that

reX—F(x)eA
x <2 —Fy: F(z) > F(2)

and a collection of isomorphisms o, : A" = @ 4 2—n F () such that for any z, 2" € X such that dimz =n
and dimaz’ =n+1

Fo.ifx <2

TO0J () O QU od? oa ! oincl =
PTO)F(x) n+1 004 n F(z) {0 otherwise

Definition 3.2. We define the category GrPosg,CoCh=’ (A) as
e Objects: (X, A®, F,«a) such that (F,«a) is an X-parameterisation of A®

e A morphism (X, A%, F,«) — (Y, B*,G, ) is a tuple (f,a, ®) where f: X — Y is a morphism of graded
posets, a: B®* — A®is a cochain map and ® = {®,: G (f (z)) = F (2)},¢ x is a collection of morphisms
such that for any z € X and y € Y such that dimx = dimy = n, we have

O, if f(z) =

PrOj p(5) © Qn © @y, © B;l oinclg(y) = {0 otherwise

Definition 3.3. II: Sh4IRzSCsn — GrPosg, CoCh=° (A) defined on objects by

II(K,F,r)=(Sk,C* (K, F,r),F,a)
where F (o) =F (0) and F (z < 2') =r(0,0") F (¢ C 0') and o, = iden (k7

and given a morphism (f, ¢, k) : (K, F,r) = (L,G,s), we define

H(fad)v’{) :(vac. (f7¢7’€)a(b)
where @, =k (0) ¢q
It is very easy to see that this preserves identites and composition.
Definition 3.4. We define a category GrPosg,Par 4 as

e Objects: Pairs (X, F') such that X is a graded poset and F' is an assignment such that

reX—Fx)eA
x <2 —Fy: F(x) > F(2)

satisfying for any x,z” € X such that dimz” = dimz + 2, we have

Z FprgnoFpp =0

z’€X|dima’=dim z+1Az<z’'<z”’

e A morphism (X,F) — (Y,G) is a pair (f,®) where f: X — Y is a map of graded posets and
¢ = {®,: G(f(2)) = F(x)},cx is a collection of morphisms such that for any 2’ € X and y € Y
such that dimz’ = n + 1 and dimy = n, we have

Z Foo® {@xzoGyf(I,)ifdimf(x’):n+l/\y<f(m')
xx’ r — 0

otherwise
zeX|dimz=nAz<z'Af(x)=y



Definition 3.5. Define a functor AC: GrPosg, Par 4 — GrPosg, CoCh=" (A) which maps (X, F) to (X, A®, F, )
where A" = @ . X dimaen £ (z) and the differential is given in the usual way and each «, is identity.
Lemma 3.1. AC is an equivalence of categories.

Thus from now on, we will work with the category GrPosg,Par 4.

Definition 3.6. Given an object (X, F') € GrPosg,Par 4, an F-compatible acyclic partial matching on X is
a subset X € X x X such that

o If (z,2') € ¥ then z < 2/
o If (z,2') € 3, then neither x nor z’ appears in any other pair in ¥
o If (z,2') € 3, then F,, is an isomorphism

e Given two pairs (z1,2}), (z2,25) € Z, we say (z1,x}) < (22, 5) if and only if 1 < ). We require the
transitive closure of the relation < to give be a poset on X.

Definition 3.7. Let ¥ be an F-compatible acyclic partial matching on X.
e A gradient path v in X is a strictly <-increasing sequence of elements of 3, i,e,

V= (3;‘1,33/1)<l-~-<1(.%'n,1'%

) where n >0
For such a path, s, = 2} and t, = x,,.

e Define M(xy) = X \ (proj, (¥X) U proj, (X)) where proj;,proj,: X x X — X are the left and right
projections respectively. For m,m’ € Mx x), we say a path v flows from m to m’ if m < s, and
t, < m’. We define the relation <5,C Mx sy X M(x 5 as

transitive closure {m,m’ are related if 3 gradient path flowing from m to m’ or if m < m’ in X}.

Also, let the dimension of elements of M(x x) just be the dimension as elements of X.

e For a gradient path v = (z1,2}) <--- < (zy,2),), define F,: F (z}) — F (x,) as
Fy=(=F;% ) 0 Foy a0 0 Fany o (<F L)

e Now define an assignment on My 5 denoted by F' > which assigns

F* (m) =F (m)
FZ  =Fpm + > Fy om0 Fy 0 Fr,
|m=<sy Aty <m/
Lemma 3.2. (M(X@), FZ) is an object of GrPosg,Par 4.
Proof. [CGN16], Proposition 3.1] O
Definition 3.8. We define a category APM 4 as:

e Objects: triples (X, F,¥) such that (X, F) € GrPosg,Par 4 and ¥ is an F-compatible acyclic partial
matching on X.

e A morphism (X, F,¥X) — (Y,G,T) is just a morphism (f,®): (X,F) — (Y,G) such that for any
m € Mx x), we have f(m) € My



3.1 Only one non-critial element

Let (X, F,%) and (Y,G,II) be graded posets with assignments and compatible acyclic partical matchings
(with only one critical element). If we want the assignment of Morse data to be a functor, we need an
induced map from My 5y to M(x xy. A morphism (f,¢): (X,F,%) — (Y,G,1II) has to satisfy

FXNA{zn, 1) SY \{yu}
Let ¥ = {(z1,2})} and II = {(v1,¥})}. The poset on Mx 5 is given by
transitive closure of {m <m'Vm <z} =23 <m'}

This is given by m < m'’Vm <z} > z; <m’. Thus if f were to induce a monotone map on the Morse data,
we would need

m<m'Vm<a -z <m' = f(m) < fF(m')V f(m)<yy -y < f(m)

Since f is monotone, we already have m < m’ = f(m) < f(m’). So The second condition will be true
(in general) iff f (z1) = y1 and f (z7) = y;. Also, ® will have to satisfy the conditions that ®,, and ®,; are
iso to get a map between the assignments (and hence a chain map between the Morse data).

I am not sure how to generalise these conditions to the case of more non-critical elements, as these
conditions seem way too restrictive.This will help define the category APA 4.

A Finite simplicial complexes with an incidence relation form a
category

Proof that composition is of morphisms is a morphism. Given two morphisms (f,k): (K,r) — (L,s) and
(9,\): (L,s) — (H,t), we want to show that the composite (h,w) defined by h = go f and w (o) =
% (a) A (f (0)) for any o € Sk is a morphism from (K,r) — (H,t). So we choose ¢ € S and p € S} and
we compute

> w(o)r(o' o) = > > k(@) A(f (o) (0", 0)

o' €SE|h(o")=pno’'Co pESTIg(p)=punpCf(o) \o'€Sk|f(o’)=pAc’Co

= Z A(p) Z k(o) r (o' 0)

pEST1g(p)=nnplf(o) o’€ST|f(o")=pAa’'Ca

- Y W {“(U)S(Pvf(o)) it /(o) € S3* AP C f (o)

pESEIg(p)=pnpCf (o) 0 otherwise

_ K (U) ZPGSE‘Q(P):HAng(U) A (p) S (p7 f (U)) if f (U) € SZJ’_I
0 otherwise

o) {g(f @)tlusti @) sl e SETARSIU@) i p i e o
0 otherwise

_ {K(U)Mf (@)t (1,9 (f () if g (f () € SiF ApC g(f (o))
0 otherwise

Jw(@)t(u,h(0) it h(o) € S A Ch(o)

o otherwise



Composition is associative. Given three morphisms (f,k): (K,r) — (L,s), (g,\): (L,s) — (H,t) and
(h,0): (H,t) = (I,u), we want to show that the composition is associative.

((h,0) 0 (g,\)o(f,k)=(hog,w)o(f,k) where w: S, — R is given by w (p) = A(p) 8 (g (p))
= (hogo f,w') where w': Sk — R is given by ' (¢) =k (0)w (f (0)) =k (a) A (f (0))0 (9 (f (0)))

(h,0) o ((g,\) o (f,r)) = (h,0)0(go f,w") where w”: S — R is given by " (0) = k() A (f (0))
= (hogo f,w") where w"': S — R is given by w"' (¢) = w" (0) 0 (¢ (f (0))) = K (a) A(f (0))0 (g9 (f ()))

Since we know composition of morphisms of simplicial complexes is associative, we do not distinguish between
ho(gof)and (hog)o f. Since w = w"’, we see that the second component of the compositions are also
equal, and hence the composition is associative. O]

Proof that identities exist. Let (K,r) be an object. Consider the morphism (idg,c;) where ¢;: Sk — R
maps everything to 1 € R. To show that this is a morphism, we need to show that for any p € S% and any

o€ St we have
if p C
Z T(U’,O’)—{s(pjf(o—))l i—a
0'€ST |o'=pAo’ Cor 0 otherwise
This is obviously true. Now let (f, ) : (K,r) — (L, s) be a morphism.

(f,k) o (idk,c1) = (f,w) where w: Sxg — Ris given by w(o) =1-£(0), sow =k

K
(idp,c1) o (f, k) = (f,w') where w': S — Ris given by w' (0) =k (0) - 1,80 w =k

Thus (idg,c1) = id(g . -
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